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ABSTRACT

The meridional transport of quasi-geostrophic potential vorticity is calculated from atmospheric data from 1 yr.
The calculation is based on available data for the transports of relative momentum and sensible heat from eight
standard pressure levels. The results show that the transport of potential vorticity is negative (southward) in the
major part of the troposphere above the lowest layer of the atmosphere. A small region of positive (northward)
transport is found in connection with the subtropical jet stream in summer.

The computed transports of potential vorticity are used in a calculation of the mean annual heat sources in
the atmosphere from a steady state quasi-geostrophic model. The results show that the atmosphere is heated south
of 50°N and cooled north of this latitude and that the major heat source and heat sink are found around 70 cb. The
calculation compares favorably with the determination of the heat sources from heat budget calculation.

It is shown that the transport of potential vorticity is along the gradient of the potential vorticity in the tropo-
sphere above approximately 80 cb. Exchange coeflicients for the transport of potential vorticity are computed as a
function of latitude and pressure for the annual mean values. In addition, exchange coefficients for the transport

of sensible heat are obtained, and it is shown that these coefficients are positive in the troposphere below 20 cb.

1. INTRODUCTION

During the last two decades, there has been a consider-
able interest in the meridional transport of various quanti-
ties in the atmosphere in connection with a description of
the atmospheric general ecirculation. The meridional
transport of sensible heat and relative momentum are
probably the two quantities that have been investigated
in the greatest detail, but other quantities such as the
transport of moisture have also received considerable
attention. An excellent summary of numerous studies of
transport processes has been given by Lorenz (1967).

In connection with certain theoretical studies-of the
general circulation of the atmosphere, it appears desirable
to parameterize some transport processes. This type of
approach has especially been used by Saltzman (1968),
Green (1969), and Wiin-Nielsen (1970). While it is possible
to use a relatively simple approach in connection with the
transport of sensible heat to describe the main characteris-
tics of this process, it is much less straightforward to para-
meterize the momentum transport because the observed
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momentum transport in general is from regions of low
relative momentum to regions of high relative momentum.
Saltzman and Vernekar (1968) have given one procedure
that can be used to parameterize the momentum transport
when the seasonal variation has been removed. This ap-
proach, therefore, cannot be applied in studies where we
are interested in a description of the annual variation of
the general circulation. Another idea dealing with the
parameterization of the momentum transport has been
expressed by Green (1969) who assumes that a diffusion
approximation can be made for the meridional transport
of the quasi-conservative quantities of entropy and poten-
tial vorticity. It is the purpose of this paper to investigate
some aspects of this approach to the momentum transport.

To the knowledge of the authors, the transport of
potential vorticity has not been calculated from atmos-
pheric data. In view of the fact that some of the results
of the present study will be used in a theoretical study of
the annual variation of the general circulation based on a
quasi-geostrophic model, it appears natural to restrict
our study to the transport of the quasi-geostrophic poten-
tial vorticity from the known transports of momentum
and heat. The annual mean values of the transport of

447



448

potential vorticity will be used to make a diagnostic
calculation of the zonal mean of the heat sources in the
atmosphere and the mean meridional circulation. The
values will also be used to investigate whether or not the
transport of potential vorticity can be described in terms
of a diffusion process.

2. TRANSPORT OF POTENTIAL VORTICITY

The quasi-geostrophic potential vorticity ¢ may be
written in the form

where f=2@sin ¢ is the Coriolis parameter; £, the relative
vorticity; o=— (a/6) (38/3p), a measure of static stability;
«, the specific volume; 6, the potential temperature; p,
pressure; and ¢, the stream function. In this study, we have

assumed that
dW_10dp_ 1 RT @)
o fLdp fp

The quantity @ is conserved in a quasi-geostrophic
model of the atmosphere in the absence of heating and
friction. The special formulation of potential vorticity
used in quasi-geostrophic models has been treated in
detail by Phillips (1963).

In this section, we shall describe the procedure and the
results of a calculation of the meridional transport of the
quasi-geostrophic potential vorticity Q. Since we are
working with a quasi-geostrophic model, we must assume
that the wind used for advection is nondivergent. Denot-
ing a zonal average by a subscript z defined as

O=2LCOa o

we may write that

@) =(oto [2(20) | @

In obtaining eq (4), we have made use of the fact that
v,=0 because the wind is nondivergent and that

[ “: _Q[E(QLPD)}_E o v\
7 ap opLo \9p /.1 @ \0pdp/.
It is seen that the last term in eq (5) is zero, because
2 om Lo ("’"ﬂ
dp a cos ¢ on
__ 1 To /] _
—20, coSs ¢ [6)\ (61)) l—O.

Equations (5) and (6) show the correctness of eq (4).
It is obvious that the last term in eq (4) is connected
with the heat transport. We may, for example, write

f° (42 ) —J—;%E (Tw). @

dp
using eq (2) to obtain the last relation.

(5)

MONTHLY WEATHER REVIEW

Vol. 99, No. 6

The first term in eq (4) is related to the momentum
transport. It can be shown that

1 d(uv),cos’¢
a cos® ¢ d¢ ' ®)

The proof of the relation (8) is based on the fact that
the wind vector (uw, v») is nondivergent and therefore
satisfies the relation

(£U)z=

o cos ¢
@ cos ¢ ((_37\ >_ )
We may prove eq (8) in the following way:
1 dr Oucosé¢
€)= s o ((Gk 3¢ >v>z
From the last relation, we get
_ 1 J(uv),cos’¢ 1 Ov cos ¢
(§0).= a cos® ¢ ¢ +a cos ¢ (u )
__ 1 a(uv), cos? ¢ 1 (_31&_2)
" acos’¢ d¢ 2a cos ¢ \ 9\ /,
_ 1 uv).cos’s
" acost¢ ¢ - ()

Using eq (7) and (8), we may write eq (4) in the form
R aa] a2

It is seen from eq (12) that (Quv). the meridional
transport of quasi-geostrophic potential vorticity, may
be evaluated in a straightforward manner if we have data
for the momentum transport (us), and the heat transport
(T%),. Such data are available from several sources, but
it is only in a few cases that we have data on the two
quantities computed on exactly the same basic data. We
shall later consider the transport (Qv), based on mo-
mentum and heat transport data from the year 1963.
However, before we consider the details of the calcula-
tions, it may be useful to consider what we can expect
regarding the sign of (Qv),. We note first that the factor
op is rather constant through the troposphere. This is due
to the fact that the vertical variation of 7 empirically is
reasonably well described by the formula

1  Jd(uww).cos’¢ 9

(@)e=—oos? P d¢ ap

-_=D

g=0qg=—"

(13a)

The sign of the last term in eq (12) depends therefore
mainly on the vertical variation of the heat transport. It
is known from several investigations [e.g., Wiin-Nielsen
et al. (1963, 1964)] that (7)., at most latitudes has a
maximum in the lower part of the troposphere; and we
would therefore expect that the last term in eq (12) will
give a negative contribution at most latitudes and at

most pressure levels above the maximum in the heat
transport. On the other hand, the first term in eq (12) will -
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Ficure 1.—Annual mean of the meridional transport of quasi-
geostrophic potential vorticity as a function of latitude and
pressure; units, 10-* m/s2.

at most pressure levels give a positive contribution in the
middle latitudes, where we observe a convergence of the
momentum transport, while the contribution will be
negative in the low and the high latitudes. We would
expect (based on this knowledge) a negative (southward)
transport (@v), in the low and high latitudes, while the
sign of (@), in the middle latitudes is questionable be-
cause the two terms in eq (12) oppose each other. To
settle this question and furthermore to know the mag-
nitude of (¢v),, we must make detailed calculations.

The data used for the calculations consist of momentum
and heat transport data for each of the months of the
year 1963. The data for the heat transport were available
for each of the layers between the standard pressure
levels 100, 85, 70, 50, 30, 20, 15, and 10 cb. If we ascribe
these heat transports to the middle of the layers, we can
compute the second term in eq (12) at the levels from 85
to 15 cb. Since the momentum transport is available at
the same levels, we can compute (@v). at these levels.
Since the original transport data were available from
22.5°N to 82.5°N, we will get (@), from 25°N to 80°N.
The main features of the transport of the quasi-geo-
strophic potential vorticity can be seen from figure 1 that
shows the transport averaged for the whole year 1963
in the unit 10~* m/s%

It is seen that (@v), is negative from 70 to 15 cb, with
the exception of a small region around 40°—45°N and at
20 cb. The maximum negative transport is found between
50 and 30 cb in the region around 70°N. The transport
(@v). is positive almost everywhere at 85 cb. It is easily
seen from the original data that this is due to the fact
that the heat transport is larger in the layer 85 to 70 c¢b
than in the layer from 100 to 85 cb. Physically, we may
ascribe this to the conditions in the atmospheric plane-
tary boundary layer.

Figures 2 and 3 show the transport (@v), for the winter
and the summer season, respectively. The winter season
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FiGURE 2.—Same as figure 1, but for the winter. The data were
obtained as average for the year 1963 months of January, Febru-
ary, March, October, November, and December.
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FI1GURE 3.—Same as figure 1, but for the summer. The data were
obtained as average for the months of April, May, June, July,
August, and September.

is defined as the average of the months January, Febru-
ary, March, October, November, and December, while
the summer season in this study is the average for the
remaining months. The main features of the two distri-
butions are the same. The transport is predominantly
negative above approximately 80 cb, while it is positive
below this level. The maximum southward transport is
somewhat larger in the winter season and located at a
lower level than in the summer. It is also seen that the
northward (positive) transport which is found in the
‘annual mean (at 20 ¢b and 40° - 45°N) is caused by the
positive transport in the summer.

It is, in general, pOSSIble to gain some further insight
into transport processes in the atmosphere by considering
the balance requirements. Such a consideration does not



450

give an explanation of why the transport exists, but it
only says what transport is necessary to satisfy a long-
term balance. Lorenz (1967) has stressed this point
repeatedly in his discussion of the balance requirements
for water, heat, and momentum. By considering the
balance requirements for potential vorticity, we are thus
unable to answer the question of why the transport of
potential vorticity is as calculated; but we may relate the
transport of potential vorticity to the balance require-
ments for heat and momentum. This will be attempted
in the following paragraphs.

In trying to establish the relation between the transport
of potential vorticity and other quantities, we shall
make use of the well-established fact that there is a net
heating in low latitudes and net cooling in high latitudes.
When we combine this statement with our knowledge
of the temperature distribution in the atmosphere, we
may also express the statement as follows: There is a
positive generation of zonal available potential energy
in the atmosphere, that is,

G(A,)>0. (13b)

Restricting our considerations to the time-averaged
state of the atmosphere, we find using the quasi-geo-
strophic equations that the steady-state equation for
potential vorticity is

H’)

where @ and ¢ are defined in eq (1) and H' is the diabatic
heating per unit mass and unit time.? Equation (14) applies
for the free atmosphere and is based on the assumption
that the major frictional dissipation is confined to the at-
mospheric boundary layer.

R 9

V-@V)=—h 5 (14)

By taking the zonal average of eq (14), we obtain

1 (@), cos ¢=__f0 Ba H’)

a cos ¢ O¢ ap (15)

We may now use eq (15) to evaluate the expression for
G(4,) that is

Do 2r B
G(A,)= a gf f__ , ——a, a? cos ¢ drhdedp (16)

where G(A.) has been written for the whole globe and
where «, is the deviation of the zonal average of specific
volume from its area average. Using the hydrostatic equa-
tion and evaluating the integral with respect to longitude,
we get

2 A prime denotes the deviation from the area mean of the quantity.

RH,

s p)cosqsdwp 7
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We may integrate eq (17) by parts with respect to
pressure and obtain

+—R 1 ,
G(A,) gf ¢, P Do "I:‘onzo cos ¢ do
+5 m R 8 (H,
: J; ‘6,00 \s )cos¢dpd¢ (18)

Inserting from eq (15) in eq (18), we get

+2R 1
2g -z cp0

lfpﬂ
290

The last integral in eq (19) may again be integrated by
parts with respect to latitude; and by using the geostrophic
wind relation, we obtain

G4, )—— ®,0H, cos ¢ do

+3 8, 3(@), cos 6

zfa 9 dedp.

(19)

le

"_c,,ap

G(A)=—o f 1oH, cos ¢ do

D [+5
_2l Jv Z(@):u, cos ¢ dedp.  (20)
JJo J-3

The first integral in eq (20) is negative as we shall
demonstrate a little later. To satisfy the inequality (13b),
one must be certain that the last integral in eq (20) be
positive, or, in other words, that there exists a negative
correlation between (Qv), and u,. In view of the fact that
%, is positive in the major part of the meridional cross
section, it follows that (@v), must be essentially negative
to satisfy eq (13b). In short, it is a necessity that (@v), is
mainly negative in the free atmosphere to be in agreement
with the fact that we observe a net heating in low latitudes
and a net cooling in high latitudes.

The argument above rests on the assumption that the
first integral in eq (20) is negative or that

+R 1
_% Cp EOPO

&,0H, cos ¢ dp>0. (21)

We may show that eq (21) is satisfied by considering
the steady-state thermodynamic equation at the lower
boundary. We obtain

1., 1
20

1 0(T') cos ¢ Topo
¢, " acos¢ ¢

R Wzo- (22)

Inserting from eq (22) in the integral in eq (21), we get

+3 R 1
f_% o ®,H ;o cos ¢d
+; R , 0(T), cos ¢

= : P 20 o6 do— f w0 cos ¢ dop.  (23)
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We shall now assume that the vertical velocity at the
lower boundary is caused mainly by the frictional stresses
or, in other words, that

1 0Oncos¢

g
facosg ¢ (24)
Assuming that
=—Cppo Voo, (25)
we get
__9 CopoVy Gug cos ¢ (26)

" fa cos ¢ 0o

The expression (26) is substituted in eq (23), both inte-
grals are integrated by parts; and we obtain

BB L g os¢d¢—Rf° f (T) g 005 & deb

__c,,ap :

—gCppeVs f ul, cos pdp.  (27)

The last integral in eq (27) is obviously negative. The
first integral is positive, because (7)., is mainly positive,
but small where u, is negative in the low and high latitudes
and large where 1, is positive in the middle latitudes. It
will be shown in the next section that the first term in eq
(27) is numerically larger than the second. Equation (21)
is therefore satisfied.

A simpler, but less complete, analysis of the balance
requirements can naturally also be obtained from eq (15)
by integrating this equation from the top of the atmosphere
to an arbitrary pressure level p. Denoting

1= @b, ®

t
we ge fR ! Hp)m 1 dI(p)cos ¢ 29
%oaop P T Tgcose 06 )

In obtaining eq (29), we have used the boundary condi-
tion that (cp)~! H, — 0 for p — 0. This is justified because
@ goes to infinity more rapidly than p!

In view of the fact that H,is positive in the low latitudes
and negative in the high latitudes, it follows that we must
have convergence of the integrated transport in the low
latitudes and divergence of the integrated transport in
the high latitudes. A comparison with the distributions
presented in figures 1, 2, and 3 shows that this require-
ment also is satisfied.

, 3. CALCULATION
OF THE ZONALLY AVERAGED HEATING

The results of the calculations of the transport of poten-
tial vorticity described in section 2 can be used to calculate
the zonal average of the atmospheric heating. It was
shown in the preceding section that the transport in a
qualitative sense satisfies the requirement created by the
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heating of the atmosphere. Unfortunately, we do not have
detailed information on the distribution of the diabatic
heating due to all physical processes as a function of lati-
tude and pressure. Calculations of this type have been
carried out by Wiin-Nielsen and Brown (1962) and Brown
(1964); but these calculations were based on information
from only two vertical pressure levels, and only one value
of heating was obtained in each vertical column. In the
studies by Lawniczak (1969), the calculations were ex-
tended to cover all standard-pressure levels between 100
and 10 cb, but these calculations covered only 1 mo. The
present calculations of the potential vorticity transports
can be used to obtain the zonally averaged heating field
in the average over a period where we may assume that
the conditions for a steady state apply.

The calculation of H, is based on eq (15). Since the
transport (@v), is known only to the 15-cb level, it is
advisable to integrate eq (15) from the surface to an
arbitrary pressure level. Denoting :

J(p)= f " (@) dp, (30)

we get

H==—017 20+Rf acos¢6¢ (J(p) cos¢)  (31)

from eq (15).

The second term in eq (31) can be calculated directly
from the data on the transport (@v).. To calculate H,,,
we make use of eq (22) and (26), which require a knowledge
of the heat transport at the surface and the zonally aver-
aged winds at the same level.

The data which have been used to calculate the various
terms are the same as those applied for the transport
calculations described in section 2. We shall first describe
the results of the calculation of the first term in eq (22).
The data were the values of (I%). in the layer 100 to 85 cb.
The values of the term given in the unit of deg./day is
shown in figure 4 as a function of latitude. By using the
annual average of u,, obtained from the 100 cb data, the
second term in eq (22) was evaluated. The result of this
calculation is shown in figure 5. As one can see directly
from eq (26), we can expect to find sinking motion (w,,>0)
south of the maximum in u,, and rising motion (w,<C0)
north of the maximum westerlies. Figure 5 shows also that
the numerical values of the second term in eq (22) in gen-
eral is much smaller than the first term shown in figure 4.
The heating H,,, which is the difference between the curves
in figures 4 and 5, is shown in figure 6. We obtain heating
south of 50°N and cooling north of this latitude. The maxi-
mum cooling is about 0.75 deg./day, while the maximum
heating is 0.30 deg./day. It should be mentioned that, in
the evaluation of w,, we have used the standard values
OD_3><10 3, pg—kg m™ Vo 10 m/S

The calculation of J (p) was carried out for the various
pressure levels by replacing the integral in eq (30) by a
finite sum. The values of J(p) were then used to evaluate
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F1gure 6.—Zonal heating at 100 cb in the average for the year 1963

Ficure 4.—Divergence of the heat transport at 100 cb in the
average for the year 1963 as a function of latitude; units, deg./ day.
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Fraure 5.—Quantity R—lsypyw, at 100 cb in the average for the
year 1963 as a function of latitude; units, deg./day.

the last term in eq (31) by finite differences. The standard
values of e=0o(p) used in the evaluation of eq (31) were
those used by Lawniczak (1969), based on the statistics
of Gates (1961). The heating H,=H,(¢, p) is shown in
figure 7, again using the unit deg./day. We observe that
the separation between heating and cooling is at about
50°N. The maximum heating is about 0.6 deg./day, while
the largest value of the cooling is —0.8 deg./day. The
largest values of heating and cooling are found in the
layer between 85 and 70 cb.

The vertical mean value of the atmospheric heating is
given in figure 8 as a function of latitude. They were ob-
tained as a weighted average from the values given in
figure 7. The values given in figure 8 may be compared
with independent estimates of the atmospheric heat
budget. The values of H, given by Palmén and Newton
(1969) are indicated on figure 8 by circles. In comparing
the two calculations, it must be remembered that the cal-
culation presented here is based on data from a single year

and that our values of Z, are those necessary to satisfy
the steady state quasi-geostrophic equations. It is seen
that both calculations result in cooling north of 50°N
and heating south of this latitude. While there is reason-
ably good agreement between the calculations for -the
region of cooling, it is seen that our heating values are
larger than those given by Palmén and Newton (loc. cit.).
The reason for this may possibly be that the mean merid-

as a function of latitude; units, deg./day.
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Ficure 7.—Zonal heating in the average for the year 1963 as a
function of latitude and pressure; units, deg./day.

ional circulation inherent in a quasi-geostrophic model is
too weak. We may see this by considering the steady-state
thermodynamic equation

lg__1

¢, " acosé

(Tw), cos ¢_§£

% B (32)

If w, were larger in the region 30°N to 50°N where we
have sinking motion (w,>0), it would result in a reduced
value of H.. A similar argument applied to the region
50°N to 70°N, where we have rising motion (w,<0), would
reduce the cooling in the region. Both calculations have a
considerable amount of uncertainty, and the agreement is
probably as good as can be expected. It should be pointed
out that a general agreement between the two types of
calculations is further indicated by the results obtained by
Lawniczak (1969) who has calculated the heat sources for
January 1969, using essentially the same model as the one



June 1971 A. Wiin-Nielsen and Joseph Sela 453
‘ . Fz,deg.daj‘ Or b
086 ol
04
20
0 246 6 & 205746 -6 -4 -2
02 [] /
. \ ° , 30 L 0 /
0 80 70 60 50 40 30 © 20 2
-0.2 °© Latitude 40
0
-04f 50}
2
~08 60 *
o
-0.8 2
7 4
80 0 6
Figure 8.—Vertical average of the zonal heating as a function of
latitude. The circles indicate the values obtained for the annual 50 -2
mean by Palmén and Newton (1969) ; units, deg./day. 8
100 N 2 -fuf -4/ -2 o/ 2/8/6/8/
90 80 70 60 50 40 30

applied in this paper except that he naturally could not
use a steady-state condition for a single month.

The mean meridional circulation can be calculated from
eq (32), using the values of H,, obtained from eq (31) and
the values of the heat transport described in section 2.
The result of such a calculation is shown in figure 9, where
isolines for the vertical velocity in the unit 10~ cb/s are
drawn in the meridional plane. Since the data only permit
a calculation in the latitude belt from 30°N to 75°N, we
cannot obtain the low latitude Hadley circulation. How-
ever, the middle latitude Ferrel cell is clearly shown in the
figure with the maximum values of w, at the ground at
60°N. The maximum rising motion goes from 60°N at the
surface to about 40°N at 20 cb. The northern branch of
the Hadley circulation in the low latitudes is clearly seen
in the lower elevations in the region from 30°N to 40°N,
It should furthermore be mentioned that the high latitude
Hadley cell circulation is well indicated with the maximum
values of w, found at 65°N and at 40 cb. It may be men-
tioned that the largest vertical velocity in the meridional
cross section is about 2 mm/s. The picture of w, derived
here has many similarities to the mean meridional cir-
culation as shown by Starr (1966).

4. ON LATERAL MIXING APPROXIMATIONS

The concept of lateral mixing has at times played a
major role in studies of the general circulation. The idea
to use an exchange coefficient for the meridional transport
of atmospheric properties goes back to Defant (1921) and
has been used by several investigators, most recently by
Adem (1964) in connection with the transport of sensible
heat. In a recent study of the annuasl variation of atmos-
pheric energy by Wiin-Nielsen (1970), the concept was
also used to parameterize the heat transport. While &
positive exchange coefficient can be used to model the
transport of sensible heat, because the heat transport is
from the high to the low temperatures at most elevations

Latitude

Figure 9.—Zonal average of the vertical velocity w, as a function
of latitude and pressure, computed from the data for 1963; units,
1076 cb/s.

with exception of the stratosphere, it is not possible to
use the same concept for the meridional transport of
momentum. This transport is characteristically against
the gradient of relative angular momentum. A parame-
terization of the momentum transport requires, therefore,
more complicated procedures. In a recent paper by Green
(1969), it was suggested to parameterize the transport of
potential vorticity, using an exchange coefficient. If this
is possible, one can obtain a parameterization of the
momentum transport using eq (12) as the basic relation.

The transport of geostrophic potential vorticity has
already been described in section 2 of this paper. In this
section, we shall describe an investigation of how this
transport is related to the meridional gradient of the
geostrophic potential vorticity itself. An exchange co-
efficient K, for the geostrophic potential vorticity may
be defined by the relation :

0Q:

(@v).=—K,q pr 7 (33)

where @, is the zonal mean value of . We know that
(Qv), is mainly negative in the atmosphere above the
planetary boundary layer as shown in figures 1, 2, and 3
of this paper. If the meridional gradient of @, is positive,
we see from eq (33) that K, will be a positive function.
Using the definition of Q given in eq (1), we find that

9Q._20 19 1 ducosg] @ f@g] 31)

Do a % aidsleose 06 | Ople op

The dominating term in eq (34) is, under most atmos-
pheric conditions, the first term which is always positive.
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We may therefore expect that K, will be positive in the
troposphere above the planetary boundary layer.

The expression (34) was evaluated from the zonal
winds available for the year 1963. The -calculations
described in the following paragraphs were performed
using the annual mean values of u, and (Qv).. The ex-
change coefficient K, was then evaluated from the annual
mean data separately in each point, using the definition
(33). It is obvious from figure 1 that the concept of an
exchange coefficient can not be applied at 85 cb, where
(Qv). is positive; and we shall therefore restrict the calcu-
lations to levels above 85 cb.

The values of K, thus derived are shown in figure 10
for the levels 15, 20, 30, 50, and 70 cb as a function of
latitude, using & unit of 10°® m?s. Since K, appears every-
where in combination with cos ¢ as a factor in the dy-
namic equation, we have plotted Ky cos ¢. The value of
K, cos ¢ has been smoothed with a smoothing operator
that removes two grid-increment waves. It is seen that
K, is positive everywhere except at 20 ¢b and 40°N. This
shows that the transport (@v). in general is along the
gradient of the zonally averaged potential vorticity. The
general shape of the curves is the same at all levels, show-
ing a maximum in the middle latitudes approximately at
50°-60°N and a minimum in the region 30°-40°N. The
values are relatively large in the lower stratosphere (15
cb), small at 30 ¢b, and again larger in the middle and
lower troposphere. The maximum values of K cos ¢ are
found at progressively lower latitudes as the pressure in-
creases. The values of K, cos ¢ at 30 and 70 ¢b would be
appropriate values to use in a two-level model, but one
may naturally also form suitable mean values using the
other levels.

The values of K, described above will be used in a
model designed to simulate the annual variation of at-
mospheric energy. The results of this study will be re-
ported elsewhere. In such a study, it is also necessary to
have exchange coefficients for the meridional transport of
sensible heat. In view of this fact, we shall describe the
results of such calculations.

An exchange coefficient for the meridional transport of
sensible heat may be defined in a way analogous to eq
(33). We write

o7,

(Tv)z=—KH —_

% (35)

The available data for the year 1963 permits an evalua-
tion of Ky for each of the layers between the standard
pressure levels from 100 to 10 cb. It is well known that
the transport of sensible heat is along the gradient of the
zonally averaged temperature in the troposphere where
Ky consequently will be positive. In the lower strato-

sphere, the heat transport is against the gradient of the -

zonally averaged temperature; and Ky will be negative.
The values of Ky, in the unit 10® m?s, are shown in
figure 11 for the various layers that are completely in the
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Ficure 10.—Exchange coefficient for the transport of quasi-
geostrophic potential vorticity as a function of latitude for the
levels 15, 20, 30, 50, and 70 ¢b, computed from mean annual data;
units, 10 m/s?.

troposphere. As with K, we have plotted Ky cos ¢ against
latitude. The distributions show in all layers a single max-
imum in the middle latitudes. The numerically largest
values are found in the layer from 70 to 85 cb correspond-
ing to the maximum heat transport in this layer.

K, was also evaluated for the layer above 30 cb, but
the results are not reproduced because the model study
will be restricted to the troposphere and because Ky has
negative values in these layers. In the layer from 20 to
30 cb, which is a transition layer, we find positive values
of Ky in the low latitudes corresponding to tropospheric
conditions, while K is negative in the high latitudes, ap-
proximately north of 55°N, corresponding to stratospheric
conditions. This distribution is undoubtedly connected
with the slope of the tropopause from Equator to the Pole.
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Ficure 11.—Exchange coefficient for the transport of sensible heat
as a function of latitude for the layers 30-50, 50-70, 70-85, and
85-100 cb, computed from mean annual data; units, 10¢ m/s2.

It may further be mentioned that the absolute values of
Ky tend to be rather large in middle latitudes because of
the weak temperature gradients in this region. The values
of Ky in the two layers 10-15 and 15-20 cb are negative
at all latitudes, in agreement with the counter gradient
heat transport at these elevations.

The values of K, and K discussed above were com-
puted from annual mean data for the transport quantities
and the zonal averages. One may naturally also compute
values of the exchange coefficients for time periods much
shorter than a year. This was done using the monthly
averages for each of the 12 mo of the year. The 12 values
of the exchange coefficients were then averaged with re-
spect to time. The resulting curves are shown in figure 12
where selected values of K, cos ¢ are plotted against lati-
tude, while figure 13 contains the values of Ky cos ¢ in a
similar arrangement.

The main result of the calculations of K, and Ky is
that an exchange coefficient approximation may be used
in parameterizing the transports of potential vorticity
and sensible heat in the troposphere above approximately
80 cb. Although the application of such an approxima-
tion thus is limited, it seems well-suited for investigations
using a two-level quasi-geostrophic model, where the
main emphasis is on tropospheric flow.

A. Wiin-Nielsen and Joseph Sela.
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Freure 12.—Annual average of monthly values of the exchange
coefficient for quasi-geostrophic potential vorticity as a function
of latitude for the levels 30, 50, and 70 cb; units, 10% m?/s.
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Ficure 13.—Annual average of monthly values of the exchange
coefficient for sensible heat as a function of latitude for the layers
30-50, 50-70, 70-85, and 85-100 cb; units, 10° m?/s.
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5. ON PARAMETERIZATION
OF THE MOMENTUM TRANSPORT

The main idea behind the calculations of the transport
of potential vorticity described in section 2 and the
investigations of the exchange coefficients K, and Kj
given in section 4 is to use the results for an empirical
specification of the momentum transport. The goal is
to specify the convergence of the momentum transport
which is the dynamically important quantity in terms of
the exchange coefficients and other quantities that are
directly related to the zonally averaged quantities. The
basic equations are eq (12), which relates the convergence
of the momentum transport to the transport of potential
vorticity and sensible heat, and the empirical relations
(33) and (35), which define the exchange coefficients. If
we at a given instant use the values of K, and Ky de-
rived from atmospheric data using eq (33) and (35), we
have naturally a perfect parameterization of the con-
vergence of the momentum transport simply because we
have exactly satisfied the three eq (12), (33), and (35).
However, as in any other applications of an exchange
coefficient, the object is to use diagnostic determinations
of the exchange coefficients to find typical values of the
quantities and to use them for prognostic studies of the
zonally averaged quantities. One may, for example, ask
if the annual means of the exchange coefficients can be
used as characteristic values to study the behavior of
atmospheric flow on & large time scale. We may similarly
ask if the detailed specification of K, and Ky obtained
in section 4 is necessary to obtain a parameterization of
the convergence of momentum transport or, in other
words, if rather simple distributions of K, and Ky as
functions of latitude and pressure are sufficient to de-
scribe the main features of the convergence of the mo-
mentum transport. We shall try to answer the last
question in this section.

Assuming that we have obtained values of K, and
Ky, we shall investigate the specification which thereby is
given for the convergence of the momentum transport.
Introducing eq (33) and (34) in eq (12), we find that

_ 1 d(uv), cos? ¢_
@ cos® ¢ J¢

Q. @ fo

K,

Ko o35 2 Kn g |

(36)

Using further eq (34) and the thermal wind equation,
we may write eq (36) in the form

1 d(uv), cos®¢

“acostg 6¢
Ky 9 1 du,cos¢
~Ta K° cos ¢+2 bl cosep 0
I3 0u, |:f H
tHe3p, ap [a ap. KH ap (37)

We note from eq (37) that, when the equation is multi-
plied by cos? ¢ and integrated from — /2 (the South Pole)
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to m/2 (the North Pole), we obtain zero from the left side
of the equation. In general, we have not specified K, and
K, in such a way that the corresponding integral of the
right-hand side of eq (37) will vanish. The parameteriza-
tion of the convergence of the momentum should therefore
be corrected to satisfy this condition. If the right-hand
side of eq (37) is denoted by S(¢, p, t), we may write the
corrected parameterization in the form

1 d(uw), cos? ¢—S K
a cos? ¢ oo Y acos?e

=)

To illustrate the behavior of the parameterization of the
momentum transport, we shall select a particularly simple
example. We select a quasi-geostrophic two-level model
in Cartesian geometry, which means that we will use a
beta-plane approximation. The region of interest will be a
channel bounded by solid walls to the north and to the
south. The potential vorticity at the upper level (25 ¢b) in

this model is
Ql =f + 51—99101'

where the subscript 1 denotes quantities at the level 25 ¢b
and where
_2f%

¢= oP?

(38)

where

Sa cos®¢ do. (39)

“’"‘ m ]

(40)

(41)

is the stability parameter. In this expression, f; is a standard
value of the Coriolis parameter; P=>50 cb; o=—(a/f)
(06/0p) is a measure of static stability; «, the specific
volume; and 6, the potential temperature. Furthermore,
Yr is the thermal stream function defined as half the
difference between the stream functions at the upper
(25-cb) and lower (75-cb) levels.
The potential vorticity at the lower level is

Qs=f+Es+Vr.

We now obtain the following two equations corresponding
to eq (38):

(42)

and (43)

where
M= (u1).,

M3=(u3vs)zy

S aZU]_z 2
=—BK+ K, o + ¢ (Kg—K))ur.,
azuaz
ayz

In eq (44) and (45), K, and K, are the values of K,
at levels 1 and 3, respectively, while Ky is the value of

(44)

and

=—BK;+ K, +92(K3—KH)’U/T:' (45)
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the exchange coefficient for heat at level 2 (50 cb). In
the beta-plane approximation, we have

~ 1 (D
S=EJ; S dy

where D is the width of the channel.

To show that the gross characteristics of the momentum
transport can be reproduced without knowing all the
details of the distributions of K, and Ky with latitude,
we shall assume for purposes of demonstration that K,
K, and K are constants. If we further restrict the wind
profiles to those cases where Ou,/0y=0 at both walls,
we find that

(46)

~

1=“5K1+92(K11_K1)ﬁ:r= (47)
and :
Sy—=—BK s+ ¢*(Ks—Kn)irs; (48)
therefore, ‘
2 . '
K T By~ K tri—Tr) (49)
and
M 2 2 3 ~
O R, S+ @B o) (i), (50)

Observational studies of momentum transport show that
there is, on the average, a convergence of the momentum
transport in middle latitudes and a divergence in the low
and high latitude and that these patterns are the same at
all levels in the troposphere, but with larger values of the
convergence and divergence in the upper troposphere
(Wiin-Nielsen et al. 1963). We note from eq (39) and (40)
that the first term in the expression in general will give a
contribution that is opposite to these patterns because the
second derivative will be negative in middle latitudes and
positive in the low and high latitudes for a typical jetlike
profile of the zonal wind. The major contribution must
therefore come from the second term in expressions (39)
and (40). Since (up,—ur.) in general will be positive in
middle latitudes and negative outside this region, it is a
necessity that K, <Ky and K;>> K. When using the data
obtained and displayed in section 4 (figs. 10 and 11), K,
was computed as an average value of K at 30 cb; K; was
obtained in a similar way from the data at 70 cb, while
Ky was obtained as a latitudinal average of the mean
values of Ky for the layers 30-50 and 50-70 cb. The values
thus obtained were: K;=0.87 X 10® m?/s, K;=1.97 X 10°m?¥/s,
and Kp=1.73X10° m?/s. It is thus seen that these empiri-
cally derived values satisfy the necessary requirements
given above.

We note furthermore from eq (49) and (50) that the
quantity (Ug,—1rs) for a typical profile of ur, will be posi-
tive in middle latitudes and negative elsewhere in the
hemisphere. The last terms in the two expressions will
therefore act to give convergence of the momentum trans-
port in middle latitudes and divergence elsewhere, but will
in general be counteracted by the first terms in eq (39) and
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(40). For sufficiently large values of uy, (i.e., when the
baroclinicity of the atmosphere is strong), we obtain the
typical distribution of the convergence of the momentum
transport, while small values of uz, (i.e., when we approach
a barotropic state of the mean flow), there is a possibility
that the distribution of the convergence of the momentum
transport may be reversed, as it indeed would be if the
atmosphere were operating in a barotropic mode.

To make some simple estimates, we may assume that
the distributions of the zonal winds are given by the
expressions

U, =3U,(1—cos 2\9), (51)
Uz, =%3Us(1—cos 21y), A= (52)
D
and
Up,=3Uz(1—cos 2\y) (53)
where
UT=%(U1_U3)‘ (54)

These distributions satisfy the requirements that

(du/oy)=0 for y=0 and y=D as assumed above. We
find that
. =%Ur, (55)
and the expressions (49) and (50) become
_6;\:1:_441. cos 2\Y (56)
and
-—aaz‘;a=—-A3 cos 2\y (57)
where
A=3¢*U,(Ky— K1) —2NK, U, (58)
and
Ay=3¢?U,(K3—Ky)—2NK,U, (59)
or
A={3¥(Ky—K,)—2NK,} U, —2NK U, (60)
and
As={3(K;— Ky)+ 222 K3} Up—2N KUy (61)
where
Uy=3(U,+Uy). (62)
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It is seen from eq (56) that, to have the normal distribu-
tion of — (0M,/dy), we must have A,>0. This happens ac-
cording to eq (60) when Uz > Uprg, where

22K,

Ure= 1R — Ry —2VK,

Us, (63)

while the distribution of — (0M4,/8y) is normal when 4;>0
or when Uz > Upye; where

Upone 2MK,
Tca—%qz(Ks.—KH) +2NMK,

U (64)

When we use the values of K, K;, and K given above
and ¢=2X10"¢* m~! and D=10" m, we find Ur;=0.11Ux
and Uye;=0.45Ux. Since the conditions Ur>Uypy and
Ur>Upyes normally are satisfied in the atmosphere since
Ur>0.5Ux, we find that the parameterization given here
for —0M/dy will give a distribution which agrees with
the observed distribution, but that the possibility exists
that the convergence of the momentum transport may be
reversed if it happens that Uy is sufficiently small.

The data from the year 1963 can be used to obtain
characteristic values of U, U,;, and Uyr. Recslling that
these values represent the maximum zonal wind at the
various levels, we find from the annual mean winds that
U;~26 m/s and U,~8 m/s. Consequently, Ur~9 m/s.
Using these values of the winds and the values quoted
above for the other parameters, we find that 4,=11.06X
107¢ m/s? and A;3;=1.20X10"% m/s?, which shows that the
convergence of the momentum transport is much larger
at the upper level than at the lower level, in agreement
with observations.

The facts that K, becomes negative in the atmospheric
boundary layer and that Ky is negative in the lower
stratosphere seem to limit the approach described here
to a two-level model. Further investigations will be
necessary to extend the use of this form of lateral mixing
to a higher vertical resolution.

6. SUMMARY AND CONCLUSIONS

The main purpose of this paper has been to report the
results of diagnostic studies of the meridional transport
of quasi-geostrophic potential vorticity. The transport
was computed at six different levels in the vertical direc-
tion from known values of the transports of relative
momentum and sensible heat (1963 data). The transport
of potential vorticity is negative (southward) in the major
part of the troposphere above about 80 c¢b, while it is
positive (northward) in the lowest layer near the ground.
A small region of positive (northward) transport is found
near the subtropical jet stream at 20 cb and 40°N in the
summer season.
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The computed values of the transport of quasi-geo-
strophic potential vorticity were used to make a diag-
nostic calculation of the heat sources in the atmosphere
using a quasi-geostrophic model of the dynamics of the
atmosphere. The results of this calculation show that the
atmosphere is heated south of 50°N and cooled north of
this latitude. The maximum heating and cooling takes
place in the lower part of the troposphere around 70 cb.
The derived heating agrees favorably with other estimates
of the atmospheric heat sources based on heat budget
calculations, although the intensity of the heating south
of 50°N is somewhat larger than the heating determined
from the budget considerations. It is pointed out that the
difference may be due to the less intense mean meridional
circulation that occurs in a quasi-geostrophic model as
compared with the real atmosphere. The mean meridional
circulation for the annual mean was also computed and
shows good agreement with the mean meridional circula-
tion derived by other investigators.

The computed values of the transport of potential
vorticity were further used to investigate the relation
between the transport and the meridional gradient of the
potential vorticity itself. Outside the atmospheric bound-
ary layer, it was found that the transport in general is
along the gradient of potential vorticity and that it
therefore is possible to describe the process, using a
coefficient of lateral mixing. These coefficients were
calculated empirically from the data as a function of
latitude and pressure. The distributions show in general
a maximum in middle latitudes, while the vertical varia-
tion is such that the exchange coefficient decreases with
decreasing pressure.

An exchange coefficient for the transport of sensible
heat was also computed from the data as a function of
latitude and pressure because numerical values of this
quantity are necessary for later studies. The results show
that the exchange coefficient is positive in the troposphere
and negative in the stratosphere. The distributions,
furthermore, show a maximum in the region 50°—60°N,
while the values decrease rather slowly with decreasing
pressure in the troposphere.

The dérived values of the exchange coefficients were
finally used to formulate a parameterization of the con-
vergence of the momentum transport, and it was shown
that the formula reproduces the gross features of the
observed distribution. The use of the proposed parameter-
ization is probably restricted to atmospheric models with
a low vertical resolution due to the fact that the heat
transport is against the gradient of the temperature in
the lower stratosphere, while the transport of potential
vorticity is against the gradient of the potential vorticity
in the lowest troposphere. Even with these limitations,
however, it may be useful to apply the proposed param-
eterizations to studies of the atmospheric circulation,
especially studies concerned with the behavior of the
atmospheric flow on a rather large time scale. The results
of such a study will be reported in a separate paper.
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